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ABSTRACT 

The problem of r a d i a t i v e  h e a t  t r a n s f e r  i n  a nonisothermal 

medium i s  considered. The a n a l y s i s  i s  c a r r i e d  o u t  f o r  t h e  p lane ,  

s p h e r i c a l ,  and c y l i n d r i c a l  geometries separa ted  b y . a  cloud of 

p a r t i c l e s .  The media a r e  assumed composed of s p h e r i c a l  p a r t i c l e s  

of uniform diameter and complex refractive index which e m i t ,  

absorb,  and scat ter  energy i n  a n  a n i s o t r o p i c  fash ion .  The 

s o l u t i o n  of t h e  equat ion  of t r a n s f e r  f o r  t h e  aforementioned 

media is obta ined  by f i n i t e - d i f f e r e n c e  i t e r a t i o n  method. 
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INTRODUCTION 

Many heat t r a n s f e r  problems involve  r a d i a t i v e  heat 

B t r a n s f e r  through media having l o c a l  inhomogeneities which 

e f fec t  t h e  t ransmiss ion .  Some s p e c i f i c  examples of such 

problems inc lude  t h e  following: The luminous p a r t i c l e s  i n  

s o l i d  p r o p e l l a n t  rocke t  exhaust ;  a b l a t i o n  p a r t i c l e s  i n  re- 

e n t r y  h e a t  s h i e l d s ;  MHD-applications; etc.  I n  each case these 

inhomogeneities absorb,  e m i t ,  and s c a t t e r  energy a n i s o t r o p i c a l l y .  

For  a r igorous  t rea tment  of problems involving s c a t t e r i n g ,  both 

t h e  d i r e c t i o n  and i n t e n s i t y  of s c a t t e r e d  r a d i a t i o n  must be  

accounted f o r .  However, t h e  problem i n  genera l  i s  so compli- 

c a t e d  t h a t  f o r  s o l u t i o n s  a compromise has t o  be made between 

accuracy and f a i t h f u l n e s s  t o  t h e  phys ica l  s i t u a t i o n .  Most of 

t h e  proposed comput.ationa1 methods are l i m i t e d  t o  p l ane ,  one- 

dimensional geometries,  or  i n  c y l i n d r i c a l  geometries t o  not- 

f u l l y - p a r t i c i p a t i n g  media. Some a n a l y t i c a l  methods are b u i l t  on 

t h e  p o s s i b i l i t y  t o  express  t h e  s c a t t e r i n g  d i s t r i b u t i o n  func t ions  

a n a l y t i c a l l y  i n  very f e w  terms of a series, which l i m i t s  t h e  

a p p l i c a b i l i t y  p a r t i c u l a r l y  i n  engineer ing  problems. So it i s  

thought t h a t  a reasonably simple computational method, which can 

remove s o m e  of those  l i m i t a t i o n s ,  w i l l  be very u s e f u l  t o  t h e  

engineer  who encounters  cclmplicated r a d i a t i o n  problems; a l though,  

i n - o r d e r  t o  be  a t  all success fu l  i n  ari a n a l y s i s ,  very f a r  

r’e ach ing  as s ump t i ons and s i m p l i f i c a t i o n s  w i l l  have t o  be made. 
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The r a d i a t i o n  energy flow through a medium t h a t  absorbs,  

8 scatters and r e - e m i t s  r a d i a t i o n  energy, according t o  a given 

temperature d i s t r i b u t i o n  T ( r )  wi th in  t h e  medium, i s  a func t ion  

of t h e  loca t ion  and t h e  d i r e c t i o n  i n t o  which one measures. I t  

i s  an i n t e g r a l  over  t h e  r a d i a t i o n  i n t e n s i t y  components of a l l  

8. 

d i r e c t i o n s  i n  t h e  geometr ical  space.  So t h e  n a t u r a l  approach t o  

t h e  problem i s  t o  ask f o r  t h e  i n t e n s i t y  f i e l d  throughout t h e  

medium, which i s  described by t h e  equat ion of r a d i a t i o n  t r a n s f e r  

+ +  
Iv ( r ,  s ' )  dw' + PK v I bb, ( z )  

The equat ion says  t h a t  t h e  change of  t h e  monochromatic r a d i a t i o n  

i n t e n s i t y  Iv a t  a p o s i t i o n  r ,  measured from a d i r e c t i o n  s ,  

c o n s i s t s  of an e x t i n c t i o n  of energy 

an a d d i t i o n  due t o  energy s c a t t e r e d  f r o n  a l l  o t h e r  d i r e c t i o n s  g 1  
i n t o  t h e  d i r e c t i o n  s under cons idera t ion :  

3 3 

- ~ B ~ I , ( ; ,  g ) ,  

3 

j . 3  - 11 S ( 2 ,  IvIr, s ' )  dw' 
4-rr 

4n 

3 and a re-emission of energy by t h e  medium element a t  r i n t o  t h e  
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where : 

I = i n t e n s i t y  

4 

d 

v = frequency 

p = mass d e n s i t y  of t h e  p a r t i c i p a t i n g  medium 

B v  = monochromatic m a s s  e x t i n c t i o n  c o e f f i c i e n t  

ov = monochromatic mass s c a t t e r i n g  c o e f f i c i e n t  

K = monochromatic mass absorp t ion  = emission c o e f f i c i e n t  V 

(assuming the  v a l i d i t y  of Ki rchhoff ' s  l a w )  

S = i s  t h e  normalized s c a t t e r i n g  d i s t r i b u t i o n  func t ion  

d w '  = i n f i n i t e s i m a l  element of s o l i d  angle  about t h e  d i r e c t i o n  

i n  space 

= incoming ray 
-f 

Ibb ( f )  = I b b ( T ( r )  ) = black  body emission i n t e n s i t y  of the  
V V 

p a r t i c i p a t i n g  medium a t  t h e  frequency v ,  depending on 

t h e  temperature of t h e  medium. 

T h e  boundary condi t ions  t o  equat ion  (1) r e s u l t  from t h e  

f a c t  t h a t  i n t e n s i t i e s  r a d i a t e d  from t h e  boundaries i n t o  t h e  

m e d i u m  c o n s i s t  of t w o  p a r t s :  t h e  energy emi t ted  by t h e  boundary 

. according t o  i t s  temperature;  and t h e  r e f l e c t e d  p a r t  of t h e  

r a d i a t i o n  energy impinging from t h e  medium on t h e  boundary. 

The non-homogeneous i n t e g r o - d i f f e r e n t i a l  equat ion  (1) 

with s e v e r a l  p a r t i a l  d i f f e r e n t i a l s  i n  gene ra l  i s  wi th  t h e  

e e c u l i a r  boundary cond i t ions ,  which con ta in  i n  f a c t  t h e  t o t a l  

s o l u t i o n  t o  t h e  equat ion ,  extremely complicated.  u t i o n s  have 
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been worked so f a r  only f o r  var ious  degrees  of s i m p l i f i c a t i o n s .  

S ince  it was intended t o  t r y  a s o l u t i o n  n o t  only i n  p lane ,  

one-dimensional geometr ies ,  b u t  a l s o  i n  s p h e r i c a l  and c y l i n d r i c a l  

geometries,  a s  many engineer ing a p p l i c a t i o n s  r e a l l y  d i c t a t e ,  t h e  

fol lowing approach, d i f f e r e n t  from t h e  ones publ ished so f a r ,  

was envis ioned.  
5 

ANALYSIS 

Apply quadra ture  approximations t o  t h e  s c a t t e r i n g  i n t e g r a l  

and f u l f i l l  equa t ion  (1) only a t  a f i n i t e  number of d i r e c t i o n s  

s thus making equat ion  (1) i n t o  a system of non-homogeneous 
-t 

if  
ordinary or  pa r t i a l .  d i f f e r e n t i a l  equat ions .  By us ing  f i n i t e -  

d i f f e r e n c e  r e p r e s e n t a t i o n s  f o r  t h e  d e r i v a t i v e s  with r e s p e c t  t o  

t h e  space coord ina te  and t ransformat ions  f o r  t h e  d e r i v a t i v e s  

wi th  r e s p e c t  t o  t h e  d i r e c t i o n ,  make t h e s e  d i f f e r e n t i a l  equat ions  

i n t o  a system of a l g e b r a i c  equat ions ,  which, because of i t s  exces- 

s i v e  s i z e  i s  n o t  solved by mat r ix  inve r s ion  b u t  by i t e r a t i o n .  

The approach s e e m s  t o  be s u i t a b l e  f o r  a l l  quasi-one- 

dimensional problems such as p lane ,  i n f i n i t e l y  wide geometr ies ,  

s p h e r i c a l  and c y l i n d r i c a l  geometries with f u l l  symmetry. 

Because of t h e  f i n i t e - s t e p  procedure,  no cond i t ions  have 

t o  be f u l f i l l e d  f o r  t h e  proper ty  d a t a  i n  t h e i r  dependence on 

frequency and temperature ,  and f o r  t h e  temperature p r o f i l e s  

themselves.  The problem i s  solved monochromatically a t  as 

many f requencies  as s e e m  t o  be necessary t o  f i n d  t h e  t o t a l  
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r a d i a t i o n  energy t r a n s f e r ,  over  a s u i t a b l e  band model or any 

o t h e r  numerical  i n t e g r a t i o n  over  t h e  frequency. T h e  s c a t t e r i n g  

d i s t r i b u t i o n  func t ions  may be  from s c a t t e r i n g  theories i n  

a n a l y t i c a l  form o r  from measurements i n  experiments.  

PLANE GEOMl3TRY 

The e x i s t i n g  methods " 2 '  3 '  f o r  t h e  one-dimensional 

case a r e  thought t o  be  t o o  lengthy and complicated t o  provide a 

quick and accu ra t e  p i c t u r e  of t h e  r a d i a t i o n  flow throughout t h e  

medium f o r  a l a r g e  se t  of v a r i e d  materials and conf igu ra t ions  t o  

f i n d  opt imal  designs.  A numerical  i t e r a t i o n  of t h e  approximated 

equat ion of r a d i a t i o n  t r a n s f e r  was t r i e d  and found t o  be a f a s t  

means of providing a complete p i c t u r e  of t h e  r a d i a n t  h e a t  flow 

c h a r a c t e r i s t i c s  f o r  t h e  plane one-dimensional geometry and axi-  

symmetric s c a t t e r i n g  func t ions .  

P a r t l y  fol lowing earlier analyses  t h e  equat ion  of 

r a d i a t i o n  t r a n s f e r  i s  taken i n  i t s  one-dimensional form: 

,- 

s i n  0 '  de'  d$# + plcIbb 
V 

Phe i n n e r  i n t e g r a l  can be computed i f  t h e  i n t e n s i t y  does n o t  

depend on C p ' ,  g iv ing  i n t e g r a t e d  s c a t t e r i n g  func t ions  as tabu- 

l a t e d  i n  ear l ier  works 1, 2 
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The o u t e r  i n t e g r a l  i s  approximated by a quadra ture  t h a t  

M allows f o r  t h e  d i s c o n t i n u i t y  of t h e  i n t e n s i t y  a t  t h e  boundaries: 

The d i f f e r e n t i a l  i s  approximated by f i n i t e  d i f f e r e n c e  q u o t i e n t s .  

This  d e l i v e r s  a set of a l g e b r a i c  equat ions  f o r  t h e  i n t e n s i t i e s  

measured i n t o  t h e  d i s c r e t e  d i r e c t i o n s  f i x e d  by t h e  quadra ture  

coord ina tes .  

~ K A X  + -  
p i  n Ibb (3)  

~ K A X  + -  
pi 'bbn 

i =  1 , 2 , 3 .  . . k  

where 

= cos 8 

,- CJ = m a s s  s c a t t e r i n g  c o e f f i c i e n t  

= s c a t t e r i n g  func t ion  f o r  t h e  discrete angles  0 0 S.i j i' j 
a = quadra ture  weight  f a c t o r  

i j  = d i s c r e t e  coord ina tes  pi, 
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n = number of f i n i t e  d i f f e r e n c e  s t e p  

a = r e l a t i v e  s i z e  of s c a t t e r i n g  p a r t i c l e s  
- a = angle  between incoming and scattered ray  

K = o r d e r  of t h e  quadra ture  = number of coord ina tes  i n  t h e  

range 0 5 p 5 1.0 

of the space coordi- n + l  a t  one p o i n t  x 
n+ 1 i Each i n t e n s i t y  value I 

n a t e  g r i d  i s  expressed by a l l  va lues  I of  t he  previous p o i n t  
j n  

x .  n 
T h i s  can be used fo r  an i t e r a t i o n  of t h e  system, us ing  

t h e  w a l l  emission i n t e n s i t i e s  as s t a r t i n g  va lues  for t h e  i t e r a t i o n :  

The monochromatic b lack  body r a d i a t i o n  i n t e n s i t y  i s :  

where 
/ 

h = Planckrs cons t an t  

k = Boltzmann cons t an t  

c = speed of l i g h t  i n  t h e  medium 

T = temperature of the medium 

,- 



R 

The boundary cond i t ions  a r e :  

+ - k 

9 

k 4- - 
Ii - - - p , )  IbbN I- 2p, C a . y  I .  (Boundary 2 )  (7 )  

N j = l  J j IN 

where 

+ = i n t e n s i t i e s  i n  t h e  range 0 5 8 ,< 90' 

- = i n t e n s i t i e s  i n  t h e  range 90° 5 8 s 180' 

p , ,  p, = r e f l e c t i v i t y  of boundaries  1 and 2 

The boundaries  a r e  assumed d i f f u s e l y  r e f l e c t i n g  and 

e m i t t i n g ,  a cond i t ion  t h a t  can e a s i l y  be removed. The r e f l e c -  

t i v i t i e s  are a l s o  assumed n o t  t o  depend on t h e  angu la r  d i s t r i -  

b u t i o n  of t h e  incoming i n t e n s i t i e s .  

The i t e r a t i o n  converges f a s t  f o r  o p t i c a l  t h i c k n e s s e s  

0.1 5 'I: 

1 .0 .  The quick  convergence al lows t o  work 20 t o  30 monochromatic 

h e a t  f l u x  p r o f i l e s  which can be i n t e g r a t e d  numer ica l ly  t o  g i v e  

< 3 0 ,  which covers  s u f f i c i e n t l y  t h e  range of  r0 about  
0 -  

t h e  t o t a l  h e a t  f l u x ,  provided t h e  sets of p rope r ty  v a l u e s  and 

s c a t t e r i n g  func t ions  a r e  a v a i l a b l e  and prepared f o r  t h e  case 
.- 

under s tudy .  The monochromatic h e a t  f l u x  is:  

- k + 
QV(xn) = 27r C a (I  -' I ) (8) 

j = l  j jn j n  
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Since  t h e  f i n i t e  s t e p  procedure uses  about  200  t o  300 

p o i n t s  a long t h e  coord ina te  between t h e  boundar ies ,  a r b i t r a r y  

temperature  p r o f i l e s  i n  t h e  p a r t i c i p a t i n g  medium can be analyzed 

a c c u r a t e l y .  

I t  w a s  found t h a t  low ( 3 ,  4 )  o r d e r  Gauss  quadra tu re  

approximations i n  c e r t a i n  cases  cause an apprec i ab le  error of 

t h e  e s s e n t i a l  w a l l  h e a t  f l u x e s .  The i t e r a t i o n  permi ts  t o  

i n c r e a s e  t h e  o r d e r  of quadra tu re  a t  l i t t l e  c o s t  of computing 

t i m e  and s t o r a g e  space  only.  

F igure  2 g ives  t h e  r e s u l t s  compared t o  computations by an 
2 e a r l i e r  a n a l y t i c  method , show f a i r  agreement f o r  t h e  frequency 

range i n  which t h e  main h e a t  f l u x  i s  c a r r i e d .  

Devia t ions  i n  t h e  w a l l  h e a t  f l u x e s ,  p a r t i c u l a r l y  a t  t h e  

h o t  w a l l s ,  appear f o r  t h e  low s j d e  band f r equenc ie s  w h e r e  l i t t l e  

h e a t  f l u x  i s  c a r r i e d .  I t  should be noted t h a t  t h e  a n a l y t i c a l  

computation was done i n  t h i r d  o r d e r  quadra tu re ,  whereas t h e  

i t e r a t i o n  was a l r eady  made i n  f o u r t h  o r d e r .  

F igu re  3 shows h e a t  f l u x  p r o f i l e s  and energy source  
* 

s t r e n g t h  p r o f i l e s  f o r  t w o  r e p r e s e n t a t i v e  cases  wi th  l i n e a r  

temperature  p r o f i l e  and non-gray w a l l  p r o p e r t i e s .  I t  can be 

seen  t h a t  t o  main ta in  a l i n e a r  temperature  f i e l d  i n  t h e  medium 

a f i e l d  of s t r o n g  energy sources  and s i n k s  has t o  e x i s t  i n  

o r d e r  t o  f u e l  or  absorb t h e  r a d i a n t  h e a t  flow. These energy 

*The energy source  s t r e n g t h  i s  t h e  change of t h e  r a d i a t i o n  
energy f l u x  wi th  t h e  space coord ina te .  
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sources  may be created by any non- rad ia t ive  energy gene ra t ion  

o r  t r a n s f e r  mode. Therefore ,  on ly  t h e  energy source  s t r e n g t h  

i n t e g r a t e d  ove r  t h e  frequency has  any p h y s i c a l  meaning. 

I n  t h e  aforementioned s e c t i o n  t h e  method w a s  descr ibed  

f o r  p l ane ,  one-dimensional cond i t ions .  The governing equa t ion  

of r a d i a t i o n  t r a n s f e r  f o r  t h e s e  cond i t ions  w a s  Equation (21 ,  

which w a s  approximated by a system of equa t ions ,  approximating 

t h e  i n t e g r a l  by a quadra tu re  and t h e  d i f f e r e n t i a l  2 by a 

s imple f i n i t e - d i f f e r e n c e  q u o t i e n t .  

a 1  
ax 

This  method w a s  extended t o  s c a t t e r i n g  media w i t h i n  

s p h e r i c a l  and c y l i n d r i c a l  geometries.  I t  w a s  found t o  work, 

however, only w i t h i n  c e r t a i n  l i m i t s  of t h e  o p t i c a l  t h i c k n e s s .  

* The problem is  posed as fol lows:  Find t h e  monochromatic 

h e a t  f l u x  d i s t r i b u t i o n  i n  t h e  medium between t h e  w a l l s  as 

presen ted  i n  t h e  F igure  ( 4 ) .  

The s p h e r i c a l  and c y l i n d r i c a l  cases are assumed completely 

symmetric, which makes t h e  problems one-dimensional. 

SPHERICAL GEOMETRIES 

The equa t ion  of r a d i a t i o n  t r a n s f e r ,  d e s c r i b i n g  t h e  

i n t e n s i t y  f i e l d  i n  t h e  r eg ion ,  i s  now: 
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W i t h  Kirchof f s l a w  , IC , corresponds t o  t h e  monochromatic 

s mass emission c o e f f i c i e n t ,  E= IC. 

The boundary condi t ions  f o r  Equation ( 9 )  are for  d i f f u s e l y  

emi t t i ng  and r e f l e c t i n g  boundaries e x a c t l y  as i n  t h e  p l ane  case: 

Subsc r ip t  1 refers t o  t h e  i n n e r  boundary, 

Subsc r ip t  2 refers t o  t h e  o u t e r  boundary and p ,  i s  the mono- 

chromatic r e f l e c t i v i t y  of t h i s  boundary. 

To- Equation ( 9 )  t h e  quadra ture  approximation of t h e  i n t e g r a l  i s  

5ppl ied aga in ,  gene ra t ing  from ( 9 )  a system of d i f f e r e n t i a l  

equat ions  of o r d e r  2k, with  k = o r d e r  of  t h e  quadra ture  = 
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number of coord ina tes  of t h e  quadra ture  i n  t h e  h a l f  range 

13 

T o  work t h e  d.er ivat ives  - a sugges t ion  f o r  a 
a l l  P i t  r 

3 
"I 

t ransformat ion  was accepted f r o m  S .  Chandrasekhar . 
Assume a func t ion  

ee(e + 1) dv 

w i t h  P e ( p )  = Legendre polynomial of  o r d e r  e. 

t ives  aI/ap can be expressed i n  t h e  fol lowing way: I n t e g r a t e  

T h e  p a r t i a l  der iva-  

- -  
1 

t h e  i n t e g r a l  Qeg d p  by p a r t s ,  observing t h e  d i s c o n t i n u i t y  of 
-1 

I ( r ,  p) a t  r = Rin, p = 0 ,  and r = Rad, p = 0 
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The express ion  

(11) 
= -Pe(ll) (14) Qe 

d11 

found by applying recur rence  formulat ions f o r  Legendre polynomials 

t o  (131, w i l l  be used i n  t h e  course of t h e  i n t e g r a t i o n :  
a' 

-1 

Within t h e  reg ion  Rin < r < Rad t h e  i n t e n s i t y  I ( r ,  11) 

is  continuous f o r  a l l  r ,  11 and (15) r e d u c e s ' t o  

1 1 

-1 . -1 

Both i n t e g r a l s  may be approximated by t h e  same q u a d r a t u r e t h a t  

was app l i ed  t o  t h e  s c a t t e r i n g  i n t e g r a l  i n  t h e  main equat ion  ( 9 ) :  

J 
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Thus t h e  d i f f e r e n t i a l s  - are expressed by t h e  f u n c t i o n a l  
Ft; r r  

au "I 
* J 

values  I ( u 2 ,  r) a t  t h e  s a m e  coord ina tes  u. 

1 

J 

For a l l  - a system of a l g e b r a i c  equat ions  has  t o  be "'1 a u  u j t r  
-. generated by t ak ing  for e values  of 1, 2 ,  5 . . 2k i n  Equation 

:C17). This system may be w r i t t e n  

with t h e  elements chosen f o r  l e a s t  computational work: 

j = 1, 2 ,  3 ,  4 . . . k, -1, -2, - 3 ,  . * -k 

j * Pi ( P j )  ' i j  = a 

3 = 1 ( v j ,  r) 

System (18)  can be  solved imme'diately t o  t h e  fol lowing 

j 

,- 

e x t e n t :  

[ I l l  = 1x1 IC] [ I ]  = IPxl [I] 
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a I ( V i ,  r)  

T o  t h e  d i f f e r e n t i a l s  * ,  a s imple f i n i t e - d i f f e r e n c e  
3 r  

q u o t i e n t  i s  a p p l i e d  t o  t h e  se t  of equat ions  wi th  t h e  afore- 

mentioned boundary cond i t ions  and i t e r a t e d  l i k e  i n  t h e  p lane  

case. Close t o  t h e  boundaries  t h e  system ( 2 1 )  has  t o  be 

niodified because of t h e  d i s c o n t i n u i t y  of t h e  i n t e n s i t y  as 

desc r ibed  above. The modi f ica t ion  c o n s i s t s  of us ing  i = 2 ,  4 ,  6 ,  

8 . . . 2k i n s t e a d  of i = 1, 2 ,  3 ,  4 . . . 2k, and working t h e  

d i f f e r e n t i a l s  independent ly  i n  each ha l f - range  -1 5 1-1 5 0 and 

0 6 1-1 5 1. This i t e r a t i o n  converges i n  a reg ion  of o p t i c a l  

t h i ckness  IC = p p (r)  f3 (r)  d r ,  as i n d i c a t e d  i n  F igure  5.  T h e  
ov, 

R in  
range s e e m s  n o t  s u f f i c i e n t  for  lower T about  1 . 0 .  The key t o  

OY 

improve t h i s  range of convergence l i es  i n  a m o r e  .accurate 

F igure  6 demonstrates t h a t  t h e  numerical  error i n  t h e  f i n i t e -  

s t e p  i t e r a t i o n  decreases l i n e a r l y  wi th  t h e  s t e p  s i z e .  The 

r e s u l t s  f o r  t h i s  r e p r e s e n t a t i v e  example show t h a t  t h e  extrapo-  

. l a t e d  f i n i t e  s t e p  error f o r  200 s t e p s  between t h e  boundaries  i s  

. below 2%. The error i n c r e a s e s  s l i g h t l y  wi th  o p t i c a l  t h i ckness  

wi th  dec reas ing  s p h e r i c a l  parameter  r = - Rin, and wi th  'I: 
Rad O V  

decreas ing  a b s o l u t e  va lue  of t h e  h e a t  fl'ux. I n  F igure  6 and t h e  

fo l lowing  f i g u r e s  only  t h e  monochromatic w a l l  h e a t  f l u x e s ,  Q1 

a t  t h e  i n n e r  boundary Rin and Q,, a t  t h e  o u t e r  boundary Rad 

are d iscussed .  I t  seems t o  be most conclus ive  t o  s tudy  t h e  
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h e a t  t r a n s f e r  i n  s p h e r i c a l  and c y l i n d r i c a l  geometr ies  i n  

comparison t o  t h e  r e s u l t s  i n  p l ane  cases. So t h e  ra t ios  

are p l o t t e d  a g a i n s t  t h e  s p h e r i c a l  Q ’  = Q s p h e r i c a l  geometry 
Q p l ane  geometry 

r = -  Rin, which is a s i m i l a r i t y  parameter.  A r e s u l t  Q’ ( r )  i s  
Rad 

va l id  f o r  a l l  combinations Rin and Rad which have one and t h e  

same r. 

Since Q and QLL’ rep resen t  t h e  monochromatic w a l l  hea t  1 
f l u x e s  a t  t h e  w a l l s  p e r  u n i t  area, t h e  t o t a l  energy t r a n s f e r  

a t  t h e  i n n e r  w a l l ,  Q, - 47r R l n  compared t o  t h a t  a t  t h e  o u t e r  

w a l l ,  Q,, -   IT R i d  i s  a lso demonstrated by a 

The fo l lowing  Figures  7 t o  1 0  i n d i c a t e  t h a t  t h i s  energy 

t r a n s f e r  always decreases a t  bo th  w a l l s ,  t h e  m o r e  s p h e r i c a l  t h e  

problem becomes. 

magnitudes, each Figure  g ives  t h e  h e a t  f l u x  va lues  i n  t h e  p l ane  

geometry, which i s  t h e  l i m i t  r = 1 . 0 .  The h e a t  f l u x  wi th  no 

medium p r e s e n t ,  o r  T = 0 ,  i s  a lso given as Q 

r e p r e s e n t s  t h e  h e a t  f l u x  p e r  u n i t  area of o u t e r  boundary and 

also t h e  energy t r a n s f e r  through t h e  reg ion  t o  boundary 1, 

I n  o r d e r  t o  relate t h e  va lues  QI t o  t r u e  

Th i s  Q, N ’  o v  

,- 

decause t h i s  energy f l o w  s t a y s  c o n s t a n t  w i th  no medium 

QN ( r )  
is  also r e f e r r e d  t o  o u t e r  boundary Qi r e d  Q,(r = 1.0)‘ 

i n t e r f e r i n g .  

area. 
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Figure 7 s h a l l  i n d i c a t e  t he  s t r o n g  in f luence  of t h e  

temperature p r o f i l e  i n  t he  medium. Three p r o f i l e s  are compared: 

X l i n e a r  T [ t ]  = 2000 + 2 0 0 0  I; ( O K )  

p lus-parabol ic  T = 2000 f 2000 E [I + 4 [l - ; ] ] ( O K )  

minus-parabolic !I? [E) = 2000 - 2000 L [l - 4 = [l - $]](OK) 

ad - R i n  L = R  R in  w i t h  X = rn - 

Thus t h e  w a l l  temperatures a r e  t h e  sane i n  each c a s e ,  

2000 O K  and 4000  O K ,  and only t h e  d i f f e r e n t  temperatures  w i t h i n  

t h e  m e d i u m  cause t h e  differences i n  t h e  Qi. 
Figure 8 shows a comparison of  d i f f e r e n t  o p t i c a l  th ick-  

nesses T a t  one temperature p r o f i l e .  Although t h e  curves 

f o r  low T . have t o  be terminated e a r l y  because of convergence 

* y  

o v  

problems, it can reasonably be e x t r a p o l a t e d  how Q '  and QiL 
'red 

f o r  T -t 0 .  o v  go t o  the common l i m i t  Q'  
Nred 

A t  the  condi t ions  chosen f o r  Figure 9 t h e  effect  of t h e  

s c a t t e r i n g  is q u i t e  s u b s t a n t i a l  as t h e  m e r e  change of the rela- 

of t h e  s c a t t e r i n g  p a r t i c l e s  from 1 .0  t o  4 . 0  t i v e  s i z e  ct = d - m  x 
shows. 

Figure 1 0  demonstrates t h e  weak in f luence  of t h e  w a l l  _-  

r e f l e c t i v i t i e s  p ,  and p, on the  r e l a t i v e  w a l l  h e a t  f l u x  va lues  

Qi a t  t h e  o p t i c a l  t h i ckness  T~~ = 5.57, This  should,  however, 

- T " -  . .  - .. . . -. . . . . -.. . . . ._ . .  . 
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n o t  l ead  t o  t h e  conclusion t h a t  t h e  abso lu te  values  Qi are a l s o  

very c lose .  They d i f f e r  q u i t e  s u b s t a n t i a l l y ,  as t h e  table f o r  

r = 1 . 0  i n d i c a t e s .  

CYLINDRICAL GEOMETRIES 

The problem i s  as f o r  s p h e r i c a l  geometry, (previous 

s e c t i o n ) .  With t h e  assumptions s t a t e d  t h e r e ,  t h e  equat ion  of 

r a d i a t i o n  t r a n s f e r  f o r  t h e  i n t e n s i t y  f i e l d  becomes: 

a 1  + s i n  Q, cos Q, case - -  31 s i n  0 cos2 Q, g 
ar r aQ, r a e  COS e - 

s i n  0' d0'dQ,' + p ~ I ~ ~ ( r )  ( 2 3 )  

I = I ( r ,  4 ,  0) 

The i n t e n s i t y  I has  a symmetry over  @ f o r  any f i x e d  r and 0: 

From t h i s  it i s  concluded and checked by computational r e s u l t s  

t h a t  one may assume an average y ( r ,  0 ) '  over  Q, t o  be used i n  t h e  

s k a t t e r i n g  i n t e g r a l  i n  (23 )  , because I (r ,  . e,@) w i l l  n o t  change 

extremely over  Q, f o r  f i x e d  r,  8. 



This  a l l o w s  t o  reduce t h e  double i n t e g r a l  i n  (23 )  t o  a 

s imple i n t e g r a l .  

In t roduc ing  t h e  t r ans fo rma t ions  cos 8 = 1-1 and cos 4 = 5 also i n  

( 2 3 )  and w r i t i n g  t h e  equat ion  f o r  d i s c r e t e  coord ina te s  pi and 

a. 

i =  1, 2, 3 . .- . kll -1, -2, - 3  . . . -kl 
,- 

* k2 e = 1, 2, 3 .  . 
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Genera l ly ,  t h e  nunibers 

r e s p e c t i v e l y ,  on which 

of  coord ina tes  pi and re, kl and k2 

t h e  equat ion  of  t r a n s f e r  s h a l l  be f u l -  

f i l l e d ,  could be d i f f e r e n t .  

apply t h e  s a m e  procedure f o r  t h e  eva lua t ion  of  t h e  d e r i v a t i v e s  

But choosing kl = k2 permi ts  t o  

and z] . O f  course ,  t h e  k ind  of quadra ture  
r ar  re ,  p i /  r 

8 1  ( V i  I re , r)  
i s  ar has  t o  be  t h e  s a m e .  The p a r t i a l  d e r i v a t i v e  

rep laced  aga in  by a s imple f i n i t e  d i f f e r e n c e  q u o t i e n t ,  and t h e  
a 1  system r e s u l t i n g  from ( 2 6 )  and from (21), app l i ed  t o  both  - 
a p  

and - ” , i s  i t e ra te6  as i n  t h e  p lane  and t h e  s p h e r i c a l  cases. a r  
The Figure  5 i n d i c a t e s  t h e  reg ion  of convergence f o r  t h i s  

computation. The l i m i t  of convergence compares t o  t h a t  of t h e  

s p h e r i c a l  

F igure  11 

d i f f e r e n t  

case by Lrcyl 1 min. > convergence [rsphere l 2  min, convergence’ 

g ives  one sample of  t h e  r e l a t i v e  w a l l  h e a t  f l u x e s  f o r  

temperature  p r o f i l e s .  I f  r e s u l t s  of t h e  s p h e r i c a l  

case are compared wi th  r e s u l t s  of t h e  corresponding c y l i n d r i c a l  

case (which means a l l  parameters  are equal ,  except  f o r  r = -), 

one f i n d s  t h a t  they agree  wi th in  less than  about  4 % ,  i f  t h e  

R in  
Rad 

c o r r e l a t i o n  

r = r2 sphere  ( 2 7 )  c y l i n d r .  

i s  used. This  proper ty  can be  considered very h e l p f u l ,  because 

a-problem a t  hand i n  c y l i n d r i c a l  geometry may be  reduced t o  a 

s p h e r i c a l  problem by j u s t  apply ing  (271 ,  and thus  t h e  h igher  
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i s  t 
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accuracy and t h e  lower computing t i m e  (about  1/5) of 

s p h e r i c a l  case can be  u t i l i z e d .  

The remaining t a s k  f o r  t h i s  numerical  a n a l y s i  t r y  

ou t o  f i n d  a way t o  remove t h e  convergence l i m i t  f o r  lower T 

,- 
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